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ABSTRACT 
This paper deals with two rotor aero-dynamic system (TRAS) which is a multi-input 
multi-output highly coupled nonlinear system, for creating a mathematical model based 
following the Lagrange’s Equations, and creating controllers for Sliding Mode Control 
and Linear Quadratic Regulator. The Sliding Manifold is designed by employing the 
reduced order representation. Linear Quadratic Regulator has been created by 
linearizing the nonlinear system acquired by creating the state space representation 
following the mathematical model. The signal tracking conditions of PID, SMC, and 
LQR have been discussed.  Although the proposed control methodology has perfect 
actuation time, the tracking efficiency was not satisfactory. Therefore, a rework on the 
parametrization and introduction of filters, i.e. types of Kalman Filters have been 
proposed as a conclusion. 
Keywords: Helicopter, MIMO, LQR, SMC, TRAS, Lagrange’s Equations, Lagrangian. 
1. INTRODUCTION 
Two Rotor Aero-dynamical system is a laboratory set up that demonstrates a high order 
coupled nonlinear multi input multi output system which can rotate freely in horizontal 
and vertical planes [4]. In this manner, the set up that has been developed by Inteco, 
resembles that of a helicopter.  
Regarding the ‘Two Rotor Aero-dynamical System’ and similar setups, researchers 
have been using them to model helicopter like structures to prevent paying astronomical 
prices for real life failures.  As the phase of control theory has switched from classical 
to modern and advancements in technology brought out more complicated designs for 
aerospace industry, the number of researches done with this lab equipment has 
increased.  
During the times of classical control, PID controllers were the generic option. 
Versatility, ease of implementation and ability to create variations such as PI and PD, 
this controller is also studied for the modern structures [8]. However, with the 
introduction of modern control the interest has been shifted to nonlinear control 
structures that could govern advanced dynamics.  
Regarding the mathematical model for the system, followed by [22], [23], and [24], 
Lagrange’s Equations have been used. Moreover, for the modelling part [4], [5], and [6] 
have been primary resources.  
For the design of the controllers, [9], [12], [13], [14], and [22] have created the 
understanding for the Sliding Mode Control whereas, [10], [11], and [28] are the corner 
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stones for Feedback Linearization and Linear Quadratic Regulator. Further references 
on the issue are referred to on [31], [32], [33], and [34]. 
2. MATHEMATICAL MODELLING 
Mathematical modelling of the system as in analytical dynamics by implementing the 
Lagrange’s principles rather than the Newtonian approach used in [4]. Although, both 
Newton’s Laws and Lagrange’s Equations are compatible, using Lagrange’s Equations 
for multi degree of freedom systems with complex coordinate systems is said to more 
convenient [22], [23], [24]. Following up with the Lagrange’s Equation for non-
conservative forces,  
𝑑
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(2.2) and (2.3) respectively, below 
𝑉 = 𝑔[(𝑚𝑚𝑙𝑚 − 𝑚𝑡𝑙𝑡)𝑠𝑖𝑛𝜓 + 2𝑚𝑐𝑤𝑙𝑐𝑤(1 − 𝑐𝑜𝑠𝜓)] +
1
2
𝑘𝜙𝜙
2                                 (2.2)  
𝑇 =
1
2
𝑚𝑚?̇?𝑚
2 +
1
2
𝑚𝑡?̇?𝑡
2 +
1
2
𝑚𝑐𝑤(?̇?𝑐𝑤,𝑖
2 + ?̇?𝑐𝑤,𝑗
2 ) #(2.3)  
The equations of motion for both degrees of freedom results as; 
?̈? =
𝜏𝜙 + 𝐽?̇??̇? sin(2𝜓) − 𝑘𝜙𝜙 − 𝑐𝜙?̇?
𝐽𝜙
 #(2.4)  
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𝜏𝜓 −
𝐽?̇?2
2 sin
(2𝜓) − 𝑐𝜓?̇? − 𝑔[(𝑚𝑚𝑙𝑚 − 𝑚𝑡𝑙𝑡)𝑐𝑜𝑠𝜓 + 2𝑚𝑐𝑤𝑙𝑐𝑤𝑠𝑖𝑛𝜓]
𝐽𝜓
            (2.5) 
For the description on definition of the moments and Simulink Model of Equations of 
Motion and the Nonlinear Model of the System, see Appendix A.  
3. SLIDING MODE CONTROL  
The main attribute of Sliding Mode Control is to make state trajectory reach the sliding 
surface within a finite time and maintain the trajectory in vicinity of the sliding surface 
which are known as the reachability condition for reaching phase and the sliding phase. 
Thus, these two phases have also been defined as σ ≠ 0 for reaching phase and σ = 0 
for the sliding phase.  To be able to identify the reaching phase, an error function 
representing the difference between actual signal and the reference signal for both 
degrees of freedom is defined. 
𝑒𝜙 = 𝜙 − 𝜙𝑑
𝑒𝜓 = 𝜓 − 𝜓𝑑
                                                                                                                           (3.1)  
Hence, by following [9] on the order reduction property of Sliding Mode Control, the 
Sliding Manifold will be given as,  
𝑠 = (
𝑑
𝑑𝑡
+ 𝜆)
𝑛−1
𝑒                                                                                                                     (3.2) 
Where 𝑛 represents the order of the system, 𝜆 is a strictly positive constant, and 𝑒 is 
the error function as defined in the Equation (3.1). So, for a second order system of two 
degrees of freedom the definition of Sliding Manifold can be expanded into  
𝑠𝜙 = (
𝑑
𝑑𝑡
+ 𝜆) 𝑒𝜙
𝑠𝜓 = (
𝑑
𝑑𝑡
+ 𝜆) 𝑒𝜓
                                                                                                                    (3.3)  
Yigitcan Coskunturk 
121 
 
Therefore, the controller can be implemented as shown in the schematic below. (see 
Appendix B for Simulink representation) 
 
Figure 1 Representation of the Sliding Mode Control 
4. LINEAR QUADRATIC REGULATOR 
In order to create the Linear Quadratic Regulator, the first step should be recreating the 
system according to the given formation in Equation (4.1).  
?̇? = 𝐴𝑥 + 𝐵𝑢
𝑦 = 𝐶𝑥
𝑢 = −𝐾𝑥
                                                                                                                             (4.1)  
To be able to reformulate the system into the state space structure above, the 
nonlinear system should be linearized. Due to the highly coupled nonlinear nature of 
TRAS, block by block linearization has been followed in MATLAB. Hence, the state 
space representation of TRAS is given as,  
𝐴 = [
0 0 1 0
0 0 0 1
−2.2363 0 −0.2982 0
] 𝐵 = [
0
0
8.0509
0
0
0
0
31.3047
] 
𝐶 = [
1 0 0  
0 1 0
0
0
] 𝐷 = [
0 0
0 0
] 
                                       (4.2) 
Following the check of stability of the system, controllability and observability of the 
states, by choosing sufficient Q and R matrices depending on the Cost Function and 
Algebraic Ricatti Equation, the gain matrix K can be calculated. Hence, the 
representation for the Linear Quadratic Regulator with the state vector x is given below. 
(see Appendix C for Simulink implementation) 
 
Figure 2 Representation of Linear Quadratic Regulator 
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5. RESULTS 
5.1 PID Results 
The Figure 3, below represents the tracking efficiency of the PID controller for both 
DOFs.  
 
Figure 3 Azimuth and Pitch Angles and Its References for PID 
 
Figure 4 below, shows the filtered signal, actuation of the control laws and trajectory 
tracking separately for both DOFs.  
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Figure 4 Filtered Signal and Response of PID for Azimuth and Pith 
 
5.2 Slinding Mode Control Results 
The Figure 5, below represents the tracking efficiency of the SMC controller for both 
DOFs.  
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Figure 5Azimuth and Pitch Angles and Its References for SMC 
 
Figure 6 below, shows the filtered signal, actuation of the control laws and trajectory 
tracking separately for both DOFs.  As it can be seen from the figure, the actuation time 
of the proposed SMC is impeccable. Yet, the tracking performance can be increased by 
reworking the constants in the system and introduce a filter that will effectively cuts out 
the noise in the reaction.  
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Figure 6 Filtered Signal and Response of SMC for Azimuth and Pitch 
5.3 Linear Quadratic Regulator Results 
The Figure 7, below represents the tracking efficiency of the LQR controller for both 
DOFs.  
 
 
Figure 7 Azimuth and Pitch Angles and Its References for LQR 
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Figure 8 below, shows the filtered signal, actuation of the control laws and trajectory 
tracking separately for both DOFs.  As it can be seen from the figure, the actuation time 
of the proposed LQR is impeccable. Yet, the tracking performance can be increased by 
reworking the constants in the system and introduce a filter that will effectively cuts out 
the noise in the reaction.  
 
 
Figure 8 Filtered Signal and Response of LQR for Azimuth and Pitch 
6. CONCLUSION 
Throughout this research, the mathematical model for the highly coupled, nonlinear 
‘Two Rotor Aero-dynamical System’ has been created, and different controllers have 
been implemented on the MATLAB’s Simulink environment. The results of the 
simulations have shown that both controllers have synchronous actuating moments and 
working at the perfect time but tracking performance can be increased by alternating the 
parameters.  
When both controllers are taken into consideration there are some mutual 
advancements that could be proposed. To start with, Kalman Filter should be introduced 
into the system. From the literature research, it is seen that implementing the Kalman 
Filter cuts out the unwanted disturbances and creates a rathe stable system. Whilst 
Kalman Filter will cut down the oscillations given in the tracking for the Sliding Mode 
Control, it will convert Linear Quadratic Regulator into Linear Quadratic Gaussian.   
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Appendix A 
𝐽 = (𝑚𝑚𝑙𝑚
2 + 𝑚𝑡𝑙𝑡
2) − 2𝑚𝑐𝑤𝑙𝑐𝑤
2  
𝐽𝜙 = (𝑚𝑚𝑙𝑚
2 + 𝑚𝑡𝑙𝑡
2)𝑐𝑜𝑠2𝜓 + 2𝑚𝑐𝑤𝑙𝑐𝑤
2 𝑠𝑖𝑛2𝜓 + 𝐽𝑧 
𝐽𝜓 = (𝑚𝑚𝑙𝑚
2 + 𝑚𝑡𝑙𝑡
2) + 2𝑚𝑐𝑤𝑙𝑐𝑤
2 + 𝐽𝑥 
𝐽𝑥 = 𝐷𝑐𝑜𝑠
2𝜓 + 𝐸𝑠𝑖𝑛2𝜓 + 𝐹 
𝐽𝑧 = ∑ 𝐽𝑖𝑣 = 0.02421 𝑘𝑔𝑚
2
8
𝑖
 
 
Figure 9 Simulink Model of the Equations of Motions 
 
Figure 10 Simulink Model of the Nonlinear System 
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Appendix B  
 
Figure 11 Simulink Representation of Sliding Mode Control 
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Appendix C 
 
Figure 12 Simulink Implementation of Linear Quadratic Regulator 
 
